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1
hyperk\"ahler $I_{1}$ , I2, I3
$I_{1},$ $I_{2}$ , I3
Hyperk\"ahler $\mathrm{H}^{N}$
Hitchin, Karlhede, Lindstr\"om, $\mathrm{R}\mathrm{o}\check{\mathrm{c}}\mathrm{e}\mathrm{k}$ I hyperk\"ahler $[5, \S 3.(\mathrm{D})]_{0}$
Bielawski Dancer hyperk\"ahler
Toric Hyperk\"ahler $[1]_{\text{ }}K$ $T^{N}$
$\mathrm{H}^{N}$ $K$ hyperk\"ahler
$\mu_{K}$ : HN\rightarrow $\otimes \mathrm{R}^{3}$ $\nu\in \mathrm{f}^{*}\otimes \mathrm{R}^{3}$ $\mu_{K}$ $K$ $\mu_{K}^{-1}(\nu)$
Toric Hyperk\"ahler $X(\nu)=\mu_{K}^{-1}(\nu)/K$




2 Toric Hyperk\"ahler $p={}^{t}(p_{1},p_{2},p_{3})$ $\mathrm{R}^{3}$
$I_{p}:= \sum_{i=1}^{3}p_{i}I_{i}$ $X(\nu)$ 2
3
$($ 3 $3)_{\text{ }}$ $\iota$ : $\mathrm{f}arrow \mathrm{R}^{N}$
$\{e_{1}, \ldots, e_{N}\}$ $\mathrm{R}^{N}$ { $\iota^{*}e_{j}$ $\in J$}
$J\subset\{1, \ldots, N\}$ $\nu=\sum_{j\in J}\iota^{*}e_{j}\otimes u_{j},$ $u_{j}\in \mathrm{R}^{3}$ ,
$j\in J$ $\mathrm{C}\mathrm{P}^{1}$ $(X(\nu), I_{u_{\mathrm{j}}/||u_{\mathrm{j}}||})$ $($ $3.4)_{\text{ }}$
Bielawski Dancer [2] Toric Hyperk\"ahler
[2, Theorem 5.1]
. Toric Hyperkiler







Toric Hyperk\"ahler $\{1, i,j, k\}$ $\mathrm{H}$
, $k$ $\mathrm{H}^{N}$ $I,$ $J,$ $K$
$\mathrm{H}^{N}$ Hyperk\"ahler $\sqrt{-1}\in \mathrm{C}$ $i\in \mathrm{H}$
$(z, w)\in \mathrm{C}\oplus \mathrm{C}$ $\xi\in \mathrm{H}$ $\xi=z+wj$
$I,$ $J,$ $K$
$I(z, w)$ $=$ $(\sqrt{-1}z, \sqrt{-1}w)$ ,
$J(z, w)$ $=$ $(-\overline{w},\overline{z})$ ,
$K(z, w)$ $=$ $(-\sqrt{-1}\overline{w}, \sqrt{-1}\overline{z})$
$z=(z_{1}, \ldots, z_{N}),$ $w=(w_{1}, \ldots, w_{N})\in \mathrm{C}^{N}$
$T^{N}=$ { $\alpha=(\alpha_{1},$ $\ldots,$ $\alpha_{N})\in \mathrm{C}^{N}||\alpha_{i}|=1$ for each $1\leq i\leq N$}
$\mathrm{H}^{N}$ $\mathrm{H}^{N}$ Hyperk\"ahler
$\{e_{1}, \ldots, e_{N}\}$ $\mathrm{R}^{N}$ Hyperk\"ahler
$\mu_{T^{N}}=(\mu_{T^{N},1}, \mu_{T^{N},2}, \mu_{T^{N},3})$ : $\mathrm{H}^{N}arrow \mathrm{R}^{N}\otimes \mathrm{R}^{3}$
$\mu_{T^{N},1}(z, w)=\frac{1}{2}\sum_{i=1}^{N}(|z_{i}|^{2}-|w_{i}|^{2})e_{\dot{l}}$ ,
$( \mu_{T^{N},2}+\sqrt{-1}\mu_{T^{N},3})(z, w)=-\sqrt{-1}\sum_{\dot{\iota}=1}^{N}(z_{i:}w)e$ :
$\mu_{T^{N},1},$ $\mu_{T^{N},2},$ $\mu_{\mathrm{T}^{N},3}$ $I,$ $J,$ $K$
K\"ahler




$0arrow \mathrm{R}^{n}arrow \mathrm{R}^{N}\pi^{*}arrow \mathrm{f}^{*}\iota^{\mathrm{r}}arrow 0$
$\iota$ $\pi$ $K$
Hyperk\"ahler
$\mu_{K}=(\mu_{K,1}, \mu_{K,2}, \mu_{K,3})$ : $\mathrm{H}^{N}arrow \mathrm{f}^{*}\otimes \mathrm{R}^{3}$
$\mu_{K,i}=\iota^{*}\circ\mu_{T^{N},i}$ , $1\leq i\leq 3$
Bielawski Dancer [2, fi3] Toric Hyperkiler
2.1 (Toric Hyperk\"ahler ) $\nu\in \mathrm{f}^{*}\otimes \mathrm{R}^{3}$ Hyperk\"ahler $\mu_{K}$
$K$ $\mu_{K}^{-1}(\nu)$ Hyperk\"ahler
$X(\nu)=\mu_{K}^{-1}(\nu)/K$
$4n$ Hyperk\"ahler Toric Hyperk\"ahler









$\Lambda_{m}=$ { $J\subset\{1,$ $\ldots,$ $N\}|\# J=\dim$ span{\iota *ej $|j\in J\}=m$}
$J\in\Lambda_{\dim K-1}$ $\mathcal{H}_{J}$ $\mathcal{H}_{J}=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{\iota^{*}e_{j}|j\in J\}$
Bielawski Dancer [2, Theorem 51] # o
3




$P=(p_{jj})\in SO(3)$ $P$ $i$ l\leq i\leq 3 $p$:
$\lambda=(\lambda_{1}, \lambda_{2}, \lambda_{3})\in \mathrm{f}^{*}\otimes \mathrm{R}^{3}$






32 $\Psi$ : $X(\nu)arrow X(P\nu)$
(1). $\Psi$ $X(\nu)$ $X(P\nu)$ isometry $\text{ }$





[7, Proposition 2.1] $u_{j}\neq 0_{\text{ }}$ j\in J
$\mathrm{C}_{\nu}=$ {$p\in S^{2}|(X(\nu),$ $I_{p})$ }
$S^{2}$ $\mathrm{R}^{3}$ 1
3.3 $X(\nu)$ $\dim_{\mathrm{R}}X(\nu)>0$ toric hyperk\"ahler $\text{ }$ $\text{ }$
$\mathrm{C}_{\nu}=\cup U_{J}J\in\Lambda_{\dim K}$
4
$uj/||uj||\in U_{J}$ $\text{ }$ 32 $P\in SO(3)$ $(X(\nu), I_{u_{j}/||u_{j}||})$
$(X(P\nu), I_{1})$ $(X(P\nu), I_{1})$
$X(P\nu)$ $T^{n}$ Hyperk\"ahler $\mu_{T^{n}}$ : $X(P\nu)arrow \mathrm{R}^{n}\otimes \mathrm{R}^{3}$
$\mathrm{R}^{n}$ $\Delta$
$\mu T\text{ }$ -1(\Delta , 0, 0) $(X(P\nu), I_{1})$
3.1
3.4 $n$ $\triangle$ , 0, 0) $\mathrm{C}\mathrm{P}^{1}$




35 $X(\nu)$ $\dim_{\mathrm{R}}X(\nu)>0$ toric hyperk\"ahler $p\in S^{2}\backslash \mathrm{C}_{\nu}$
$(X(\nu), I_{p})$
3.1 KOnnO[8,COrOllary 6.12]
36 $X(\nu)$ $\dim_{\mathrm{R}}X(\nu)>0$ toric hyperk\"ahler $(X(\nu), I_{1})$
$J\in\Lambda_{\dim K-1}$ $\nu_{2}$ $\nu_{3}$ $\mathcal{H}_{J}$





4.1 $N=n+1$ $\pi$ : $\mathrm{R}^{n+1}arrow$
$\mathrm{R}^{n}$






$\otimes \mathrm{R}^{3}$ 0 [7, Proposition 2.1] $\nu$ $\mu_{K}$
[7, Proposition 24] $\mu_{K}^{-1}(\nu)$ $K$
$\nu=\iota^{*}e_{1}\otimes u_{\text{ }}$ u\neq 0\in R3 33
$\mathrm{C}_{\nu}=\{\pm u/||u||\}$
$(X(\nu), I_{\pm u/||u||})$ $T^{*}\mathrm{C}\mathrm{P}^{n}$
42 $n=1$ $\pi$ : $\mathrm{R}^{N}arrow \mathrm{R}$
(i). $\pi(e_{N})\neq 0$ .
(ii). $\pi(e_{1})=\cdots=\pi(e_{N-1})=-\pi(e_{N})$ .





$\nu=\sum_{i=1}^{N-1}\iota^{*}e_{i}\otimes u_{i}$ , $u_{i}\in \mathrm{R}^{3}$
$1\leq i\leq N-1$ ui\neq 0 $1\leq i\neq j\leq N-1$
$u_{i}\neq u_{j}$ [7, Proposition 21] $\nu$ $\mu_{K}$
[7, Proposition 24] $\mu_{K}^{-1}(\nu)$ $K$
33
$\mathrm{C}_{\nu}$ $=$ $\{\pm u_{i}/||u_{i}|||1\leq i\leq N-1\}\cup\{(u_{i}-u_{j})/||u_{\dot{l}}-uj|||1\leq i\neq j\leq N-1\}$
$1\leq i\leq N-1$ $\tau_{i}$ : $S^{2}arrow\hat{\mathrm{C}}=\mathrm{C}\cup\{\infty\}$
$p\in S^{2}\backslash \{\pm u_{N-1}/||u_{N-1}||\}$ $P\in SO(3)$ 1 ${}^{t}p$
$P$ 2 3 $p_{2},$ $p_{3}$
$\tau_{i}(p)=\frac{\langle {}^{t}p_{2},u_{i}\rangle+\sqrt{-1}\langle {}^{t}p_{3},u_{i}\rangle}{\langle {}^{t}p_{2},u_{N-1}\rangle+\sqrt{-1}\langle {}^{t}p_{3},u_{N-1}\rangle}$






4.3 $p\in S^{2}\backslash \mathrm{C}_{\nu}$ $\text{ }$ $(X(\nu), I_{p})$
$xy=z \prod_{i=1}^{N-1}(\tau_{i}(p)-z)$
$\tau$
44 $\{u_{i}, u_{N-1}\}$ $u_{i}$ $S_{i},$ $T_{i}$
$S_{i}\circ\tau_{1}$. $\mathrm{o}T_{i}(z)=z+\frac{1}{z}$ for each $z\in\hat{\mathrm{C}}$
7
5
$I_{p},$ $p\in S^{2}$ ,
$X(\nu)$ Toric Hyperk\"ahler $\nu$ $(\nu_{1},0,0)$
$\mathrm{C}_{\nu}=\{^{t}(\pm 1,0,0)\}$ $X(\nu)$ 2 $S^{1}$
(5.1) $[z, w]\cdot e^{\sqrt{-1}\theta}=[ze^{\sqrt{-1}\theta}, w]$ ,
(5.2) $[z, w]*e^{\sqrt{-1}\theta}=[z, we^{\sqrt{-1}\theta}]$




$f_{1}([z, w])= \frac{1}{2}\sum_{i=1}^{N}|z|^{2}$ ,
$f_{2}([z, w])= \frac{1}{2}\sum_{i=1}^{N}|w|^{2}$
$\omega_{1}$
$(5.1)_{\text{ }}$ (5.2) $1\in \mathrm{R}$ $X_{1}^{\#},$ $X_{2}^{\#}$
5.1 $i=1,2$
$L_{X^{\#}}\dot{.}\omega_{1}=0,$ $L_{X^{\#}}.\cdot\omega_{2}=-\omega_{3},$ $L_{X^{\#}}.\cdot\omega_{3}=-\omega_{2}$
5.2 $X(\nu)$ $\#\mathrm{C}_{\nu}=2$ toric hyperk\"ahler
(1). $q\in S^{2}\backslash \mathrm{C}_{\nu}$ $(X(\nu), I_{p})$ $(X(\nu), I_{q})$ $\text{ }$
(2). $p$ $\in S^{2}\backslash \mathrm{C}_{\nu}$ # $(X(\nu), I_{p})$ Stein
53 35 5.2(2) strictly plurisubharmonic
exhaustion function $\text{ }$
8
(1). $\nu$ $(\nu_{1},0,0)$ $\#\mathrm{C}_{\nu}$ $=2$
32 33 $\nu=(\nu_{1},0,0)$
$(\pm 1,0,0)$ $S^{2}$ $S^{1}$






$[5, \S 3.(\mathrm{F})]_{\text{ }}X(\nu)\cross S^{2}$ $S^{1}$ $\tilde{I}$ 1 0
$q\in S^{2}$ $(X(\nu), I_{p})$ $(X(\nu), I_{q})$
$\tilde{I}\tilde{X}$ [5. Proposition 9.1 (i)]
(2). $\nu$ $(\nu_{1},0,0)$ (1) l $I_{2}$
$\mathrm{A}\mathrm{a}_{\text{ }}$ [ $5$ . Proposition 9.1 (ii)] $f1+f_{2}$ $I_{2}$
strictly plurisubharmonic exhaustion function $\text{ }$
5.4 4.1 Toric Hyperk\"ahler $\#\mathrm{C}_{\nu}=2$ $q\in S^{2}\backslash$
$\{\pm u/||u||\}$ $(X(\nu), I_{p})$ $(X(\nu), I_{q})$
55 $\#\mathrm{C}_{\nu}$ $>2$ 42 Toric Hyperk\"ahler
$S^{2}\backslash \mathrm{C}_{\nu}$
$\#\mathrm{C}_{\nu}$ $>2$ Toric Hyperk\"ahler 5.2(1)




$\nu^{(i)}=\iota^{*}e_{1}\otimes u^{(i)}$ , $u^{(i)}\neq 0\in \mathrm{R}^{3}$
$1\leq i\neq j\leq m$ $\{u_{i}, u_{j}\}$
$\nu=(\nu^{(1)}, \ldots, \nu^{(m)})$ 33 $\mathrm{H}^{mN}$ $K\cross\cdots\cross K$ ($m$ times)
Hyperk\"ahler $X(\nu)$
$\mathrm{C}_{\nu}=\{\pm u^{(i)}/||u^{(i)}|||1\leq i\leq m\}$ .
$\mathrm{C}_{\nu}$ $2m$ $p$ , q\in S2\C\mbox{\boldmath $\nu$} ) $(X(\nu^{(1)}.), I_{p})$
$(X(\nu^{(:)}), I_{q}),$ $\cdot 1\leq i\leq m$ , $p,$ $q\in S^{2}\backslash \mathrm{C}_{\nu}$
$(X(\nu), I_{p})$ $(X(\nu), I_{q})$
$\text{ }$
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